8-1 Geometric Mean

Find the geometric mean between each pair of numbers.
1. 5and 20

SOLUTION:

By the definition, the geometric mean x of any two numbers a and b is given by x = Jab.
Therefore, the geometric mean of 5 and 20 is

[(5)(20) = 100 =10.

2.36and 4
SOLUTION:

By the definition, the geometric mean x of any two numbers a and b is given by x = Jab.
Therefore, the geometric mean of 36 and 4 is

,f{b‘ﬁ]{ni} =144 =12.
3.40 and 15
SOLUTION:

By the definition, the geometric mean x of any two numbers a and b is given by x = Jab.
Therefore, the geometric mean of 40 and 15 is ([{40)(15) = /600 = 104/6 = 24.5.

4. Write a similarity statement identifying the three similar triangles in the figure.

c
/ b .
E F D
SOLUTION:
D
D
C
/ .
2 F E F

E C

If the altitude is drawn to the hypotenuse of a right triangle, then the two triangles formed are similar to the original
triangle and to each other. C'F" is the altitude to the hypotenuse of the right triangle CED. Therefore,
AECD ~ACFD ~AEFC .

Find x, y, and z.
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8-1 Geometric Mean

SOLUTION:

3+12 A
g 12 \z

\ & \F
2 ] X \ '*_3\

By the Geometric Mean (Altitude) Theorem the altitude drawn to the hypotenuse of a right triangle separates the
hypotenuse into two segments. The length of this altitude is the geometric mean between the lengths of these two

segments.
Solve for x.
shorterleg  shorterleg
longerleg =~ longerleg
- R 1
r 1
x? = 36
x =25

By the Geometric Mean (Leg) Theorem the altitude drawn to the hypotenuse of a right triangle separates the
hypotenuse into two segments. The length of a leg of this triangle is the geometric mean between the length of the
hypotenuse and the segment of the hypotenuse adjacent to that leg.

Solve for y.
hypotenuse hypotenuse
shorterleg  — shorterleg
15 F
¥y 3
i
y = y45
y =35
y =67
Solve for z.
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8-1 Geometric Mean

hypotetuse hypotetuse
longerleg longerleg
18, .2
z 12
z? =180
zZ = 180
Zi= G‘G
z = 134
. 5 = X
2\ 18 P ik
T
6. M
SOLUTION:
\
\
LY
¥ \\ x+8
1 ¥
L
kY
\
Z
R\k 16
m v [1__16 [ ]

By the Geometric Mean (Altitude) Theorem the altitude drawn to the hypotenuse of a right triangle separates the
hypotenuse into two segments. The length of this altitude is the geometric mean between the lengths of these two

segments.
Solve for x.
longerleg  longerleg
shorterleg ~ shorter leg
16 _ x
g 16
167 =8¢
256 =8¢
256 _ 8¢
3 8
32=x

By the Geometric Mean (Leg) Theorem the altitude drawn to the hypotenuse of a right triangle separates the
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8-1 Geometric Mean

hypotenuse into two segments. The length of a leg of this triangle is the geometric mean between the length of the
hypotenuse and the segment of the hypotenuse adjacent to that leg.

Solve for y.
hypotenuse  hypotenuse
longerleg ~  longerleg
40 _ Y
¥y 32
y, :
y =1280
y=y12z0
=16y5
~35.8

By the Geometric Mean (Leg) Theorem the altitude drawn to the hypotenuse of a right triangle separates the
hypotenuse into two segments. The length of a leg of this triangle is the geometric mean between the length of the
hypotenuse and the segment of the hypotenuse adjacent to that leg.
Solve for z.

hypetenuse  hypotenuse

shorterleg — shorter leg

40 _z

z =
z% =320
Z =320
=33
=17.9
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8-1 Geometric Mean

7. MONUMENTS Corey is visiting the Jefferson Memorial with his family. He wants to estimate the height of the
statue of Thomas Jefferson. Corey stands so that his line of vision to the top and base of the statue form a right
angle as shown in the diagram. About how tall is the statue?

Note: Not drawn to scale.

SOLUTION:
We have the diagram as shown.

xin.
104 in.

B3 in.

By the Geometric Mean (Altitude) Theorem the altitude drawn to the hypotenuse of a right triangle separates the
hypotenuse into two segments. The length of this altitude is the geometric mean between the lengths of these two

segments.
104 =yx-68
1042 = (|fx-e3)*
10816 =x-68
10816 _ x-68
68 68
150=x

So, the total height of the statue is about 159 + 68 or 227 inches, which is equivalent to 18 ft 11 in.

Find the geometric mean between each pair of numbers.
8. 81 and 4

SOLUTION:

By the definition, the geometric mean x of any two numbers a and b is given by x = Jab.
Therefore, the geometric mean of 81 and 4 is

[(81)(4) =324 =18.
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8-1 Geometric Mean

9.25and 16
SOLUTION:

By the definition, the geometric mean x of any two numbers a and b is given by x = Jab.
Therefore, the geometric mean of 25 and 16 is

J(25)(16) = /300 =20.

10. 20 and 25
SOLUTION:

By the definition, the geometric mean x of any two numbers a and b is given by x = Jab.
Therefore, the geometric mean of 20 and 25 is

J(20)(25) =500 =105 = 22.4.

11.36 and 24
SOLUTION:

By the definition, the geometric mean x of any two numbers a and b is given by x = Jab.
Therefore, the geometric mean of 36 and 24 is

J(36)(24) = V864 =126 ~29.4.

12.12and 2.4
SOLUTION:

By the definition, the geometric mean x of any two numbers a and b is given by x = Jab.
Therefore, the geometric mean of 12 and 2.4 is

\'r{l 2)(24) = J28.8 =

125

=54,
5

13.18 and 1.5
SOLUTION:

By the definition, the geometric mean x of any two numbers a and b is given by x = Jab.
Therefore, the geometric mean of 18 and 1.5 is

(18)(1.5) =27 =33~52.
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8-1 Geometric Mean

Write a similarity statement identifying the three similar triangles in the figure.

14. N o0

SOLUTION:

If the altitude is drawn to the hypotenuse of a right triangle, then the two triangles formed are similar to the original
triangle and to each other.

M
M N

1 .
N (0] L N O M
LN is the altitude to the hypotenuse of the right triangle MNO. Therefore, AMNC ~ ANL() ~ AMIN.

SOLUTION:
If the altitude is drawn to the hypotenuse of a right triangle, then the two triangles formed are similar to the original

triangle and to each other.

w
w
X
E ] L]
X Y: Z X & ) 4

XZ is the altitude to the hypotenuse of the right triangle XYW. Therefore, AWXY ~ AXZY ~ AWZX .
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8-1 Geometric Mean

% r
——
Y -
s T
\ | o7
N
16. 3
SOLUTION:
If the altitude is drawn to the hypotenuse of a right triangle, then the two triangles formed are similar to the original
triangle and to each other.
Q
Q
h |
] - B
R s7T RT S
RT is the altitude to the hypotenuse of the right triangle QRS. Therefore, AQRS ~ ARTS ~ AQTR.
17.
SOLUTION:

If the altitude is drawn to the hypotenuse of a right triangle, then the two triangles formed are similar to the original

triangle and to each other.

o F

G H G

GI is the altitude to the hypotenuse of the right triangle HGF. Therefore, AHGE ~ AHIG ~ AGIF.
Page 8
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8-1 Geometric Mean

U
18. 9 .
SOLUTION:
y ,? +4 ; [
X \Z
i [
z ¥ 4

By the Geometric Mean (Altitude) Theorem the altitude drawn to the hypotenuse of a right triangle separates the
hypotenuse into two segments. The length of this altitude is the geometric mean between the lengths of these two
segments.

Solve for x.
longerleg  longerleg
shorterleg  shorter leg

By the Geometric Mean (Leg) Theorem the altitude drawn to the hypotenuse of a right triangle separates the
hypotenuse into two segments. The length of a leg of this triangle is the geometric mean between the length of the
hypotenuse and the segment of the hypotenuse adjacent to that leg.

Solve for y.
hypotenuse  hypotenuse
longerleg ~  longerleg
13_7
¥ g
i =117
y =117
=313
=108

By the Geometric Mean (Leg) Theorem the altitude drawn to the hypotenuse of a right triangle separates the
hypotenuse into two segments. The length of a leg of this triangle is the geometric mean between the length of the
hypotenuse and the segment of the hypotenuse adjacent to that leg.

Solve for z.
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8-1 Geometric Mean

hypotenuse  hypotenuse

shorterleg ~ shorterleg

13 .z
z 4
z3=52
z=y52

i
= ra

SOLUTION:

[~2
~iin
Ll

By the Geometric Mean (Altitude) Theorem the altitude drawn to the hypotenuse of a right triangle separates the
hypotenuse into two segments. The length of this altitude is the geometric mean between the lengths of these two

segments.
Solve for y.
shorterleg  shorter leg
longerleg ~ longerleg
i A
y—6 17

171 =6-(y —6)

17 =\6-(y —6)

289 = 6(y —6)

432=y —6
S4Z2z=y

By the Geometric Mean (Leg) Theorem the altitude drawn to the hypotenuse of a right triangle separates the
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8-1 Geometric Mean

hypotenuse into two segments. The length of a leg of this triangle is the geometric mean between the length of the
hypotenuse and the segment of the hypotenuse adjacent to that leg. So,

Solve for x.
hypotenuse  hypotenuse

shorterleg — shorter leg
542 _

=180

By the Geometric Mean (Leg) Theorem the altitude drawn to the hypotenuse of a right triangle separates the
hypotenuse into two segments. The length of a leg of this triangle is the geometric mean between the length of the
hypotenuse and the segment of the hypotenuse adjacent to that leg.
Solve for z.

hypotenuse hypotenuse

longerleg ~  longerleg

2. =
7 432

z2254.2.482
220612 44

z=ya612.44

bt |

20.
SOLUTION:

446 /
z X
6 y
4

[

—
X ¥

By the Geometric Mean (Altitude) Theorem the altitude drawn to the hypotenuse of a right triangle separates the
hypotenuse into two segments and the length of this altitude is the geometric mean between the lengths of these two
segments.
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8-1 Geometric Mean

Solve fory.
longerleg  longerleg
shorterleg  shorter leg
y_58
& 2
y =4-6
y =24
y=y24
=49

By the Geometric Mean (Leg) Theorem the altitude drawn to the hypotenuse of a right triangle separates the
hypotenuse into two segments and the length of a leg of this triangle is the geometric mean between the length of the
hypotenuse and the segment of the hypotenuse adjacent to that leg.

Solve for x.
shortleg  shortleg
longleg — longleg
3 x
x 12
10 _x
x5
x* =40

=

Il Il
AT N

5L

BE

i

By the Geometric Mean (Leg) Theorem the altitude drawn to the hypotenuse of a right triangle separates the
hypotenuse into two segments and the length of a leg of this triangle is the geometric mean between the length of the
hypotenuse and the segment of the hypotenuse adjacent to that leg.

Solve for z.
hypotenuse  hypotenuse
longerleg —  longerleg
10 _z
z 6
1=6-10
1=60

=
-
=2JE

P
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8-1 Geometric Mean

21.

5
14 ~
\-\R“-\‘ J
Sy
SOLUTION:
14
5 ¥ 5
\"\\x
e S s T

By the Geometric Mean (Leg) Theorem the altitude drawn to the hypotenuse of a right triangle separates the
hypotenuse into two segments and the length of a leg of this triangle is the geometric mean between the length of the
hypotenuse and the segment of the hypotenuse adjacent to that leg.

Solve for y.
hypotenuse . hypotenuse
longerleg ~  longerleg
14_5
5 b2
14y =25
_2s
=1
y=l8

By the Geometric Mean (Leg) Theorem the altitude drawn to the hypotenuse of a right triangle separates the
hypotenuse into two segments and the length of a leg of this triangle is the geometric mean between the length of the
hypotenuse and the segment of the hypotenuse adjacent to that leg.

Use the value of y to solve the second proportion.
o, =
o 14 —y
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8-1 Geometric Mean

hypotenuse  hypotenuse

shorterleg ~ shorterleg

4 . iz
z 14 =y
14(14 —y) =2°
14014 —1.8) =z >
14122 2>
170.82z2
[0 sz
13.1=z

By the Geometric Mean (Altitude) Theorem the altitude drawn to the hypotenuse of a right triangle separates the
hypotenuse into two segments and the length of this altitude is the geometric mean between the lengths of these two

segments. So,

Solve for x.

longerleg  longerleg
shorterleg  shorter leg

xzf(1.9312.2)
= /21,96

SOLUTION:
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8-1 Geometric Mean

10+x

20

E 20

¥

By the Geometric Mean (Altitude) Theorem the altitude drawn to the hypotenuse of a right triangle separates the
hypotenuse into two segments and the length of this altitude is the geometric mean between the lengths of these two

segments.
Solve for x.
shorterleg  shorter leg
longerleg ~ longerleg
20 _10
X 20
20 =10-x
400=10-x
400 _ 10x
10 10

40 =x
By the Geometric Mean (Leg) Theorem the altitude drawn to the hypotenuse of a right triangle separates the
hypotenuse into two segments and the length of a leg of this triangle is the geometric mean between the length of the

hypotenuse and the segment of the hypotenuse adjacent to that leg.

Solve for y.
hypotenuse  hypotenuse

shorterleg ~ shorter leg

104+x _ ¥
¥y 10
I8,
¥ 10
y? =500
¥ =)/500
=10y/5
=224

By the Geometric Mean (Leg) Theorem the altitude drawn to the hypotenuse of a right triangle separates the
hypotenuse into two segments and the length of a leg of this triangle is the geometric mean between the length of the

hypotenuse and the segment of the hypotenuse adjacent to that leg.

Solve for z.
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8-1 Geometric Mean

hypotenuse  hypotenuse
longerleg longerleg

104+x _ =z
z 40
50 _ =z
z 40
z2 =2000
Z = 2000
=205
~44.7
X
) =
\“‘\_ v/,
%
NS 12
“
475
23, B
SOLUTION:
Z4-4
12
X
y
0 12 '
4

By the Geometric Mean (Leg) Theorem the altitude drawn to the hypotenuse of a right triangle separates the
hypotenuse into two segments and the length of a leg of this triangle is the geometric mean between the length of the
hypotenuse and the segment of the hypotenuse adjacent to that leg.

Solve for z.

shorterleg  shorter leg
hypotenuse  hypotenuse

Ao o
12 z44
4z+4)=12+12
4z +16 =144
7416 —-16=144 —14
4z =128
Z:=32

By the Geometric Mean (Leg) Theorem the altitude drawn to the hypotenuse of a right triangle separates the
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8-1 Geometric Mean

hypotenuse into two segments and the length of a leg of this triangle is the geometric mean between the length of the
hypotenuse and the segment of the hypotenuse adjacent to that leg.

Use the value of z to solve the second proportion for x.

longerleg  longerleg
hypotenuse  hypotenuse
z ___ X
X z+4+4
92, . %
X 3244
x2=32(3244)
x?=1152
Xx=2442
~339

By the Geometric Mean (Altitude) Theorem the altitude drawn to the hypotenuse of a right triangle separates the
hypotenuse into two segments and the length of this altitude is the geometric mean between the lengths of these two

segments.
Solve for y.
shorterleg  shorter leg
longerleg ~  longer leg
a_r
y oz
yz =z-4
yi=32.4
pi=128
y=y128
y=82
y=11.3
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8-1 Geometric Mean

24. EVENT PLANNING Evelina is hanging silver stars from the gym ceiling using string for the homecoming dance.
She wants the ends of the strings where the stars will be attached to be 7 feet from the floor. Use the diagram to
determine how long she should make the strings.

10

—_————

Mate: Mot drawn to scale.

SOLUTION:

Let x represent the length of the string. Since the star will be 7 feet from the floor, x + 7 is the total length of string to
floor. Since we are given 5 feet from the floor in the diagram. The distance to the 5 ft point will be x + 2.

i A

s
.

[ s
| ol NS

Use the Geometric Mean (Altitude) Theorem to find x.

10=y5(x+2)
102 = (3 +2))°

100 =5(x+2)

100 =5c+10
100 —10 =5x
Sf==Ag
20 _ 5x
5 8
xr=1H

So she should make the strings of length 18 feet.
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8-1 Geometric Mean

25. WATERFALLS Makayla is using a book to sight the top of a waterfall. Her eye level is 5 feet from the ground and
she is a horizontal distance of 28 feet from the waterfall. Find the height of the waterfall to the nearest tenth of a
foot.

Mote: Not drawn to scale.

SOLUTION:
We have the diagram as shown.

x ft
2B f

5t

By the Geometric Mean (Altitude) Theorem the altitude drawn to the hypotenuse of a right triangle separates the
hypotenuse into two segments. The length of this altitude is the geometric mean between the lengths of these two
segments.

28=yx-5
233=(|,/3c-532

T8l =x-5
784 _ 5x

5 5
156 8=x

So, the total height of the waterfall is 156.8 +5 =161.8 ft.
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8-1 Geometric Mean

Find the geometric mean between each pair of numbers.

1
26. = and 60

SOLUTION:
By the definition, the geometric mean x of any two numbers a and b is given by x = Jab.

1
Therefore, the geometric mean of o and 60 is

) R
f 1 I(60) =12 =243 2335,
\3)

.2 5
and
7 7
SOLUTION:
is gi x=-Jab.

By the definition, the geometric mean x of any two numbers a and b is given by

32 542
7

k;f][w'_‘ /72 JJ{}

W5 545
an
4 4
SOLUTION:
By the definition, the geometric mean x of any two numbers a and b is given by x = Jab.

'\F 595
4

27.

28.

Therefore, the geometric mean of

16

Find x, y, and z.

20.
SOLUTION:

Page 20
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8-1 Geometric Mean

V3 2+/3-x Y

By the Geometric Mean (Leg) Theorem the altitude drawn to the hypotenuse of a right triangle separates the

hypotenuse into two segments and the length of a leg of this triangle is the geometric mean between the length of the

hypotenuse and the segment of the hypotenuse adjacent to that leg.

Solve for x.
hypotenuse  hypotenuse

shorterleg ~ shorter leg

12 —2)f3x =3
12 -12 —2)f3xr=3-12
—2)y3x= -9
—2) 3x Sy
-3 =23
x=i=¥:26

Use the value of x to solve the for z.

= o
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8-1 Geometric Mean

hypotenuse  hypotenuse

longerleg — longerleg
S
Z - E
2 . =[33
F=2 ( 5 )
2 _ @333
T 2
z4=9
Zi=3

By the Geometric Mean (Altitude) Theorem the altitude drawn to the hypotenuse of a right triangle separates the
hypotenuse into two segments and the length of this altitude is the geometric mean between the lengths of these two

segments.
Solve for y.
shorterleg ~ shorter leg
longerleg ~ longerleg
Z‘E—x _ ¥
e
yz =X- (Zﬁ —x)

I‘h‘;:II:‘\-\_'I
Il
Y]
e vy
'H_._[;J-_H‘
By
Lad
~T
e L P e

-2

e
]
Il
—
Ll
3
Lad
e L

—_—
I
[3 | ==
LF¥]
i
Lid
—_—

=
Il

[}
— e,
Lad
Ll
R

e

S
e —

2
2_9
Y =3
.3
Y=3
Iy2 z
'\\\\..\ /fz/.—"
\.)I\'H\\\ “'I? I':
% /
¥
30.
SOLUTION:
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342 +:z

V2 1]

By the Geometric Mean (Altitude) Theorem the altitude drawn to the hypotenuse of a right triangle separates the

hypotenuse into two segments and the length of this altitude is the geometric mean between the lengths of these two
segments.

Solve for z.
longerleg  longerleg
shorterleg ~  shorterer leg
32 42
ﬁ Tz

[~2
b2
|
il

(V2)" =322
2="|/§-Z
N
3ﬁ_z
2_,

2

z=0.5

By the Geometric Mean (Leg) Theorem the altitude drawn to the hypotenuse of a right triangle separates the

hypotenuse into two segments and the length of a leg of this triangle is the geometric mean between the length of the
hypotenuse and the segment of the hypotenuse adjacent to that leg.

Solve for x.
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hypotenuse  shorterleg
longerleg ~ longerleg

Sﬁ—kz _x

x 3
(3ﬁ+§)

X

By the Geometric Mean (Leg) Theorem the altitude drawn to the hypotenuse of a right triangle separates the
hypotenuse into two segments and the length of a leg of this triangle is the geometric mean between the length of the

hypotenuse and the segment of the hypotenuse adjacent to that leg.

Solve for y.
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hypotenuse  hypotenuse
shorterleg — shorter leg

(3ﬁ+z) ¥

=)
prf)
"

. 10§22
Y =T33
2_20
Y =7
50
K o
/3
y==3
= lih

31. ALGEBRA The geometric mean of a number and four times the number is 22. What is the number?
SOLUTION:

Let x be the first number. Then the other number will be 4x. By the definition, the geometric mean x of any two
numbers a and b is given by x = Jab. So,

22=1Jx-4x =/4x*.
22=2x

Il=x
Therefore, the number is 11.

Use similar triangles to find the value of x.
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8-1 Geometric Mean

32. Refer to the figure on page 537.
SOLUTION:

14.2 ft 17 #

761t

By the Geometric Mean (Leg) Theorem the altitude drawn to the hypotenuse of a right triangle separates the
hypotenuse into two segments and the length of a leg of this triangle is the geometric mean between the length of the

hypotenuse and the segment of the hypotenuse adjacent to that leg. Let y be the shorter segment of the hypotenuse
of the bigger right triangle.

Hypotenuse  Hypotenuse
ShorterLeg  ShorterLeg

4.2 .36

A ¥

14.2y=51"T6
y=41

So, the shorter segment of the right triangle is about 14.2-4.1=10.1 ft.

By the Geometric Mean (Altitude) Theorem the altitude drawn to the hypotenuse of a right triangle separates the

hypotenuse into two segments and the length of this altitude is the geometric mean between the lengths of these two
segments.

LongerLeg  Longer Leg
ShorterLeg ~ Shorter Leg

T
4.1 %
x _ 101
4.1 x

x= 1o D@D

X

i
I

1.41
6.4

i
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8-1 Geometric Mean

33. Refer to the figure on page 537.

7 46
/ x
5.3
SOLUTION:
7 46
/ x
5.3

By the Geometric Mean (Leg) Theorem the altitude drawn to the hypotenuse of a right triangle separates the
hypotenuse into two segments and the length of a leg of this triangle is the geometric mean between the length of the
hypotenuse and the segment of the hypotenuse adjacent to that leg. Let y be the shorter segment of the hypotenuse
of the bigger right triangle.

o n B

46 )y
Ty =21.16
y=3.02

So, the longer segment of the right triangle is about 3.98 ft.

By the Geometric Mean (Altitude) Theorem the altitude drawn to the hypotenuse of a right triangle separates the
hypotenuse into two segments and the length of this altitude is the geometric mean between the lengths of these two
segments.

x=)(3.98)(3.02)
x=)12.0196

=347
The length of the segment is about 3.5 ft.
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34. Refer to the figure on page 537.
SOLUTION:

33.2

By the Geometric Mean (Leg) Theorem the altitude drawn to the hypotenuse of a right triangle separates the
hypotenuse into two segments and the length of a leg of this triangle is the geometric mean between the length of the
hypotenuse and the segment of the hypotenuse adjacent to that leg. Let y be the shorter segment of the hypotenuse
of the bigger right triangle.

Hypotenuse Hypotenuse

ShorterLeg ~— Shorter Leg

3550 158

156 ¥

33 2p=156+156

33.2p =243.36

33.2y _ 24336

333 33.2
y=T.3

So, the longer segment of the right triangle is about 25.9 ft.

By the Geometric Mean (Altitude) Theorem the altitude drawn to the hypotenuse of a right triangle separates the
hypotenuse into two segments and the length of this altitude is the geometric mean between the lengths of these two
segments.

x=)(7.3)(25.9)
x=)[189.07

=15 &8
Then x is about 13.8 ft.
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8-1 Geometric Mean

ALGEBRA Find the value(s) of the variable.

. ,/ft+1
rd

35.
SOLUTION:

By the Geometric Mean (Altitude) Theorem the altitude drawn to the hypotenuse of a right triangle separates the
hypotenuse into two segments and the length of this altitude is the geometric mean between the lengths of these two

segments.

LongerLeg ~ LongerLeg
ShorterLeg ~ Shorter Leg
12 _t41
24 12
122 = @DE+1D)
144 =240 +1)

144 = 24¢ + 24
144 —24 =24t +24 —24
120 = 24¢
120 _ 24t
74~ 74
5=t
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36. 2
SOLUTION:

By the Geometric Mean (Altitude) Theorem the altitude drawn to the hypotenuse of a right triangle separates the
hypotenuse into two segments and the length of this altitude is the geometric mean between the lengths of these two
segments.

w+4) =22 6)
(w+4)2 =144
11,:'2+Ew-|-16=144
w480 +16 —144 =144 —144
w?+ 80 —128=0

Use the quadratic formula to find the roots of the quadratic equation.

-8+ (@?% —4)(—128)

201
_ _—8424
2

T
x——z o .'«C——E
e _16
= =7

o —3

If w=—16, the length of the altitude will be —16 + 4 =—12 which is not possible, as a length cannot be negative.
Therefore, w= 8.

eSolutions Manual - Powered by Cognero Page 30



8-1 Geometric Mean

37.

SOLUTION:

By the Geometric Mean (Altitude) Theorem the altitude drawn to the hypotenuse of a right triangle separates the
hypotenuse into two segments and the length of this altitude is the geometric mean between the lengths of these two
segments.

6= imm+5)
6' = (Jmym+5)"

36 =m(m+5)
36:m2+5m
36—36=m" +5m —36

0=m?®+5m —36

Use the quadratic formula to find the roots of the quadratic equation.

—5+y(5)? —4)(-36)

2(D
_ 5413
2
_ —5-13 . —5413
= 3 orm = 5
_ 18 8
2 2
= —94

Since mis a length, it cannot be negative. Therefore, m= 4.
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38. CONSTRUCTION A room-in-attic truss is a truss design that provides support while leaving area that can be

enclosed as living space. In the diagram, < BCA and £ EGB are right angles, AR E F is isosceles, CD is an altitude

of AMBC | and E G is an altitude of ABEF . If DB =5 feet, CD = 6 feet 4 inches, BF = 10 feet 10 inches, and EG =
4 feet 6 inches, what is AE?

SOLUTION:

AE =AD + DB +BE
First find &

Given that AFE F'is isosceles, then EG bisects BF. Since EF is 10 ft 10 in.or 130 in., then BG= GF =65 in.
ABGE is a right triangle and by the Pythagorean Theorem,

BE =~JEG* + BG* .
BE =J54* +65°
=./7141

=845
Next find AD. Let AD = x.

By the Geometric Mean (Altitude) Theorem the altitude drawn to the hypotenuse of a right triangle separates the

hypotenuse into two segments and the length of this altitude is the geometric mean between the lengths of these two
segments.

76 = [ (x)(60)

767 = ({0 (60))°

5716 =60x
86 3=x
So, the total length AFE is about (96.3 + 60 + 84.5) in. = 240.8 in. or 20.07 ft.
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PROOQOF Write a proof for each theorem.
39. Theorem 8.1

SOLUTION:

You need to walk through the proof step by step. Look over what you are given and what you need to prove. Here,
you are given a right angle and an altitude of a triangle. Use the properties that you have learned about congruent

segments, altitudes, right triangles, and equivalent expressions in algebra to walk through the proof.

Given: < PQR is a right angle. {;’_‘ﬁ is an altitude of APOR |
Prove:

APSQ ~ APOR

APOR ~ AOSR

APSQ ~ AOSR

Proof:

Statements (Reasons)

. £ PQR is aright angle. {3‘_‘& is an altitude of AP _ (Given)
. OS L RP (Definition of altitude)

1
2
3. £1and £ 2 are right angles. (Definition of perpendicular lines)
4.
5
6
7

A= /POR; £2=2POR (All right angles are congruent.)

AP =20 ZR = ZR (Congruence of angles is reflexive.)
. APSQ ~ APOR ; APOR ~ AUSR AA (Similarity Statements 4 and 5)
. APSQ ~ AQSR (Similarity of triangles is transitive.)
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40. Theorem 8.2

41.

SOLUTION:

You need to walk through the proof step by step. Look over what you are given and what you need to prove. Here,
you are given a right triangle and an altitude. Use the properties that you have learned about right triangles, altitudes,
congruent segment,s and equivalent expressions in algebra to walk through the proof.

Given: A4DC is a right triangle. DB is an altitude of ADC .
D

Proof: It is given that A4D)(” is a right triangle and DB is an altitude of AMADC . 2 ADCis a right angle by the
definition of a right triangle. Therefore, A4 ~ AINCE | because if the altitude is drawn from the vertex of the right
angle to the hypotenuse of a right triangle, then the two triangles formed are similar to the given triangle and to each

AB DB

other. So —— = —— by definition of similar triangles.
DB CB

Theorem 8.3

SOLUTION:

You need to walk through the proof step by step. Look over what you are given and what you need to prove. Here,
you are given a right triangle and an altitude. Use the properties that you have learned about congruent segments,
right triangles, altitudes, and equivalent expressions in algebra to walk through the proof.

Given: £ ADC'is a right angle. DB is an altitude of A4DC .

D
A B C
AB  AD BC DC
Prove: —=——;—=——
A AC T I At
Proof:

Statements (Reasons)

1. £ADC is aright angle. DR is an altitude of ADC (Given)
2. AADC is a right triangle. (Definition of right triangle)
3. MBD ~ AADC ; ADBC ~ AADC (If the altitude is drawn from the vertex of the right angle to the hypotenuse of a
right triangle, then the 2 triangles formed are similar to the given triangle and to each other.)
ﬁ A BC DO

. =——;——=——(Definition of similar triangles)
AD AC DO AC
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42.
SOLUTION:

43. FINANCE The average rate of return on an investment over two years is the geometric mean of the two annual
returns. If an investment returns 12% one year and 7% the next year, what is the average rate of return on this
investment over the two-year period?

SOLUTION:

By the definition, the geometric mean x of any two numbers a and b is given by x = Jab.
Therefore, the geometric mean of 7% and 12% is

(12 l 54

(7
— | == |= = = 9%,
\-\I{J{},-\IU{}, 100

44, PROOF Derive the Pythagorean Theorem using the figure at the right and the Geometric Mean (Leg) Theorem.

SOLUTION:

You need to walk through the proof step by step. Look over what you are given and what you need to prove. Use
the properties that you have learned about congruent, right triangles, altitudes, and equivalent expressions in algebra
to walk through the proof.

Using the Geometric Mean (Leg) Theorem, @ = |/ ¥¢ and b = |." xe. Squaring both values, at = yc and b* = xc. The

sum of the squares is a4+ b= yc + xc. Factoring the c on the right side of the equation, a4+ b= c(y + x). By the

Segment Addition Postulate, ¢ = y + x. Substituting, a+ b= c(c) or a+ b=
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45.

46.

47.

48.

Determine whether each statement is always, sometimes, or never true. Explain your reasoning.
The geometric mean for consecutive positive integers is the mean of the two numbers.

SOLUTION:

——
Let x be the first number. Then x + 1 is the next. The geometric mean of two consecutive integers is ,JJ.{ x+1).

o ox+(x+1)
The mean of the two number is ———

Set the two numbers equal.

m 2 x+{.2T+1}

7
il 2x2+1
. 2
i il (Exi-ljl

4x2+4x?:4x2+4x—|—1
2 7 ? 3 53
4x® —dx® 44 Ax =4x" —4x" +4x —4x 41

If you set the two expressions equal to each other, the equation has no real solution. Therefore, the statement is

never true.

The geometric mean for two perfect squares is a positive integer.
SOLUTION:
The square root of a perfect square is always a positive integer. Therefore if you multiply two perfect squares, the

square root will always be a positive integer. Then since Jab is equal to Ja-[b , the geometric mean for two
perfect squares will always be the product of two positive integers, which is a positive integer. Thus, the statement is
always true.

Consider the example where a is 16 and b is 25. Then X = }/16-25 =20,

SOLUTION:

MULTIPLE REPRESENTATIONS In this problem, you will investigate geometric mean.
a. TABULAR Copy and complete the table of five ordered pairs (x, y) such that -‘I'F =%

x Y VEY

e | e | ;o | oo | 0o

b. GRAPHICAL Graph the ordered pairs from your table in a scatter plot.
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c. VERBAL Make a conjecture as to the type of graph that would be formed if you connected the points from your
scatter plot. Do you think the graph of any set of ordered pairs that results in the same geometric mean would have

the same general shape? Explain your reasoning.

SOLUTION:

a. Find pairs of numbers with product of 64. It is easier to graph these points, if you choose integers.

Sample answer:

2 32 8
4 16 8
8 8 8
16 4 8
32 2 8

b.

0 g

35

30 |—

25

20

15 -2

10 .

5 r S

] 5 110 15 20 25 30 35 40

¢. What relationship do you notice happening between the x and the y values? Pay close attention to what happens to

the y-values, as the x's increase.

Sample answer:

As x increases, y decreases, and as x decreases, y increases. So, the graph that would be formed will be a

hyperbola.
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49.

50.

ERROR ANALYSIS Aiden and Tia are finding the value x in the triangle shown. Is either of them correct? Explain
your reasoning.
Aiden Tia
4_x ‘_x
x~ 7 x " o
x =53 k= 63
4
,ﬁi 7
.-""EHH x\\.
F I
10
SOLUTION:

By the Geometric Mean (Altitude) Theorem the altitude drawn to the hypotenuse of a right triangle separates the
hypotenuse into two segments. The length of this altitude is the geometric mean between the lengths of these two
segments.

X=\)&-4
x=y32
x5

Therefore, neither of them are correct.

CHALLENGE Refer to the figure. Find x, y, and z.
2.8
¢ A =
< F &

'\.\ |
Be B
gy N T
N
SOLUTION:
By the Geometric Mean (Leg) Theorem the altitude drawn to the hypotenuse of a right triangle separates the

hypotenuse into two segments and the length of a leg of this triangle is the geometric mean between the length of the
hypotenuse and the segment of the hypotenuse adjacent to that leg.
x-88. .85
2.5 X
Solve the proportion for x.

x(x+88 =85-85

x°+88=72725

X2 488 —72.25=0
Use the quadratic formula to find the roots of the quadratic equation.
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—8 84/ (8.8)% —4(1)(—72.29)

=

2(1
=8 8419.1
2
=8 8=18:1 —8.8419.1
X=——— o x&8—mm7mm
2 2
RS ~ 103
2 2
~ —13.95 =515

Since x is a length, it cannot be negative. Therefore, x is about 5.2.

By the Geometric Mean (Leg) Theorem the altitude drawn to the hypotenuse of a right triangle separates the
hypotenuse into two segments and the length of a leg of this triangle is the geometric mean between the length of the
hypotenuse and the segment of the hypotenuse adjacent to that leg.
e &
Z 8.8
Use the value of x to solve the proportion.
22 =88(52+88)

z* =8.8(14)
2221932

yz2=y1232
et 1 [

By the Geometric Mean (Altitude) Theorem the altitude drawn to the hypotenuse of a right triangle separates the
hypotenuse into two segments and the length of this altitude is the geometric mean between the lengths of these two
segments.

y=y52-8.8
y=\y4576
=63

51. OPEN ENDED Find two pairs of whole numbers with a geometric mean that is also a whole number. What
condition must be met in order for a pair of numbers to produce a whole-number geometric mean?

SOLUTION:
Sample answer: 9 and 4, 8 and 8; In order for two whole numbers to result in a whole-number geometric mean, their

product must be a perfect square. & -4 = 36 and 5+ 8 = 64. 36 and 64 are both perfect squares.

eSolutions Manual - Powered by Cognero Page 39



8-1 Geometric Mean

52. REASONING Refer to the figure. The orthocenter of A4BC is located 6.4 units from point D. Find BC.
A

™
'\\

"y

5.3
\\ D
V.

Fd "

s ot

\\\
F3 \'\.

B C

SOLUTION:

From the figure, B is the orthocenter of the triangle ABC since ABC'is a right triangle.
Therefore BD=6.4.

Use the Pythagorean Theorem to find AB.

AB =/BD? + AD?
=642 453

~ 8

Lad

Let CD = x. Use the Geometric Mean (Altitude) Theorem to find x.
6.4 =yx(53)
40.96=5.3x
ERTT

Use the Pythagorean Theorem to find BC.
BC=y13% —g 3
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53. WRITING IN MATH Compare and contrast the arithmetic and geometric means of two numbers. When will the

54.

eSolutions Manual - Powered by Cognero

two means be equal? Justify your reasoning.

SOLUTION:

When comparing these two means, consider the commonalities and differences of their formulas, when finding the

means of two numbers such as a and b.

Both the arithmetic and the geometric mean calculate a value between two given numbers. The arithmetic mean of

ooa
two numbers a and b is

equal when a = b.

Justification:
h —
g = \ulrﬂh
\'I:
( a+by _ o
L&
(a+b) =4ab

a’ +2ab +b* =dab
a —2ab+b* =0
(a—b) =0
a—h=10
a=bh

What is the geometric mean of 8 and 22 in simplest form?

Adfl1
Bl6411
C 15

D 176

SOLUTION:

By the definition, the geometric mean x of any two numbers a and b is given by x = Jab.
So, the geometric mean of 8 and 22 is

(8)(22) =176 = 4411

Therefore, the correct choice is A.

, and the geometric mean of two numbers a and b is Jab . The two means will be
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55. SHORT RESPONSE If MN Il @ , use a proportion to find the value of x. Show your work.

56.

p 15
X\"
N 4 0 8 r

SOLUTION:
Since MN || PO, PO divides MT and NT' in the same ratio. So, 5=

Solve the proportion to find the value of x.

4x=8(15-x)
dxr=120-8x
12x =120
x=10

ALGEBRA What are the solutions of the quadratic equation X —20=8x?
F2 10

G20, 1

H -1, 20

J-2,10

SOLUTION:

Write the quadratic equation in standard form.

X' -8x-20=0

Use the quadratic formula to find the roots of the quadratic equation.

L (R E (8 —41)(-20)

2(1)
S84 ye4 420
b —
2
B 54144
= 3
_8+12
2= 05
R 8+12
= 3 [} X——Z
T o2l
= =

x=—2 x=10
Therefore, the correct choice is J.
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57. SAT/ACT In the figure, AD is perpendicular to BC , and AB is perpendicular to AC . What is BC?

SOLUTION:
Since AD is perpendicular to BC , AIDE is a right triangle. So, by the Pythagorean Theorem,

AD =107 = 5% =.J75.

By the Geometric Mean (Altitude) Theorem the altitude drawn to the hypotenuse of a right triangle separates the
hypotenuse into two segments and the length of this altitude is the geometric mean between the lengths of these two
segments. So,

(75=y/5-DC

75=5-DC
75 _ 5DC
=
15=DC

Therefore, BC= BD+ DC=5+15=20.

The correct choice is C.
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58. MAPS Use the map to estimate how long it would take to drive from Chicago to Springfield if you averaged 65
miles per hour.

| WISCONSIN | Lake
| Midhigan
2 vy LiChic ;
IOWA MICH.
o k- INDIANA
Pe v
ingfie
3
pratir
MISSOURI LINOIS
J =
o 100 mi .
| IS
0.5 in: 100 mi KENTUCKY
| .
SOLUTION:

The scale of the map is 0.5 in. = 100 mi. Use a ruler, the distance between Chicago and Springfield in the map is
about 1 inch. Let x be the actual distance between the two cities. Then,

. _in
mi  mi
05 _1
100 x°
Solve the proportion to find the value of x.
0.5x =100
0.5 _ 100
0.5 05
x =200

So, the distance between the two cities is about 200 miles. The average speed is 65 miles per hour. Therefore, the

)
time taken to travel from Chicago to Springfield is abou 3 =3 hr.
ih
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Graph the original figure and its dilated image. Then verify that the dilation is a similarity transformation.
59.A(3, 1), BO, 7), A3, -2); D(-1, 1), E@3, 3), K1, 0)

SOLUTION:

8 4 B
e

ST LF7
/

4
By~ 1D
A L 7
—4—2 >

41 1C
l
Use distance formula to find the lengths of the sides of the two triangles.

AB=y - (-3 + 0 -1 =y122+6° = /180 = /36-5=6/5
BC={G-9t+(2-1n! =y +9' =117 =013 =313
Ac={G— (-3 +(2-D =y’ +3' = |a5=[o.5=35
DE={G- ()2 + G-’ =f4a7+27 = 20=fa-5=25
BF={1-3?+0-3"={22+3" =13

DF =fa— (I +0-D2={22+12=5

T
L e
=y

Find the ratios of the corresponding sides.

4B _ 65 _6_,
DE ~ 35 2
§: o JE R
EF 13_1_
de W5 .3
DF ﬁ 1

So AABC ~ ADEF by SSS Similarity.
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SOLUTION:

B3

Kf? o
&

Here, the vertex H is common to both the triangles. So, </ = “H. Find the lengths of the sides adjacent to the
vertex H.

HG=y(—1— (- + @ — ()2 =y3+6 = a5=y/o-5=3/5
HE =y (—3—(—1)* +(—2 -2 =y2? +4? =20 =fa-5=2/5
Hi=y@—(-D)+(—1-22=y3*+3* = 1a=y9.2 =32
HI=fa—(—D)+0-2%=y2?+2?=fs=ya.2=22

Find the ratios of the corresponding sides.

HE _ 25 _
HG 3J§ -
HL _ %2 _
HJ 3‘/5 N

So AGHJ ~ AKHI. by SAS Similarity.

|

i | P2
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61. M(7, —4), NG5, —4), P(7, -1); Q(2, —8), R(6, -8). S(2. ~2)

SOLUTION:

1 .
ol | /'P X
Naa
b
NI T M

\\

i 1o \FR

The angles M and Q are right angles. So, <M = (). Find the lengths of the sides adjacent to the vertices M and Q.
OR =y (6-2)*+(—8—(—9)  =y4’ +0* =16 =4

SO=y2 -2+ (2 (-8 =yo’ +6% =36 =6
MN={G-1 +(—4—(—a)? =y22+0° = /s =2

PM =T -7+ (21— ()T = /0T +3T =[5 =3

Find the ratios of the corresponding sides.

PM 3 1
SO 6 2
MN 2 1
OR 4 2

So AMNF ~ ADRS by SAS Similarity.

The interior angle measure of a regular polygon is given. Identify the polygon.
62. 108

SOLUTION:

Let n = the number of sides in the polygon. Since all angles of a regular polygon are congruent, the sum of the
interior angle measures is 1081n.

By the Polygon Interior Angles Sum Theorem, the sum of the interior angle measures can also be expressed as
(n—180.

108 =(n - 2)180
1087 =180p - 360
~72n ==360

n=35

Therefore, the polygon is a pentagon.
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63. 135
SOLUTION:

Let n = the number of sides in the polygon. Since all angles of a regular polygon are congruent, the sum of the

interior angle measures is 135n.

By the Polygon Interior Angles Sum Theorem, the sum of the interior angle measures can also be expressed as

64.

65. !

(n—180.
1350 =(n— 2180
135m = 180n - 360
—45n =-360
n=8
Therefore, the polygon is an octagon.

Find x and y in each figure.

\ LY
L ;
Brr1l o Hreaity

b = i3x+115|‘3\

SOLUTION:

The angles with the measures (4x — 5) and (3x + 11) are corresponding angles and hence they are equal.

dr=5=3x+11

x=16
By the Consecutive Interior Angles Theorem, 3y + 1+ 4x —35 =130

Substitute for x and solve for y.
3y+1+4(16) -5 =180
3y+1=121

3p=120

y=40

Jlax = 15"~
fEIED I:‘E.'to [}-E:Ialﬁ“'"""'--..\_

T

SOLUTION:
By the Corresponding Angles Postulate, 2x = 68. So, x = 34.

Then, 3x — 15 =3(34) - 15=87.

By the Corresponding Angles Postulate and triangular sum theorem, y* =180 — (68 + 87) = 25

Therefore, ¥ = +3,
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,-";r
e A
ol o

- .-5"“1‘
66 2y - 1P

SOLUTION:
Use the Corresponding Angle Postulate.
-
w,.____q,;"j‘_,,f" >

e Y
P 1>
e,

g
Aoy -1y

The angles with measures 56 and 3y — 11 form a linear pair. So, they are supplementary.
Iy—11+56=180

3y =135

y=45

Now use the Vertical Angle Theorem.

.-"f
-~
o, s -
sty o-.__ﬂ_,:% >
e SE r ___?:i.-
A T
Ay — 1P

By the Consecutive Interior Angles Theorem, 4x + 36 = 180,
Solve for x.
dx=124

r=3]

Identify each solid. Name the bases, faces, edges, and vertices.

67.

SOLUTION:

The base of the solid is a hexagon. So, it is a hexagonal pyramid. The base is ABCDEF.
The faces, or flat surfaces, are ABCDEF, AGF, FGE, EGD, DGC, CGB, and BGA.

The edges are the line segments where faces intersect. The edges, are AF ,FE ED DC CB BA AG FG |
EG DG CG and BG
Vertices are points where three or more edges intersect. The vertices are A, B, C, D, E, F, and G.
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P4 4o

68.

SOLUTION:

The solid has two circular bases and a curved lateral face. So, it is a cylinder.
The bases are circles with centers P and Q respectively.
A cylinder does not have any faces, edges, or vertices.

69.

SOLUTION:

The solid has a circular base and a curved lateral face. So, it is a cone. The base is a circle with center Q A cone
has faces or edges. The vertex or the cone is is P.

Simplify each expression by rationalizing the denominator.

2
70, =—
W2

SOLUTION:

e

2
Multiply = by
Then, V/_
Do, s 2 _ﬁzzﬁ /2
2 2 42 2 |

16
71. —=
J3
SOLUTION:
Multiply the numerator and the denominator by 3 to rationalize the denominator.
16 16 | V3|_1643
\I'E J3 3
6
. 38
W4
SOLUTION:
Simplify the denominator.
Ja=2
V6 6
So, —==——.

A 2
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1.5
73, : W2
Ji1
SOLUTION:
Multiply the numerator and the denominator by J11 to rationalize the denominator.
w?_wﬁ[\fﬁ"_sﬁ
NITERN TN J I
s 2L
W3
SOLUTION:

Multiply the numerator and the denominator by /3 to rationalize the denominator.

2 ) £ :
ﬂ: '_lfﬁ = 21y3 =7.f3.
\E \..'IH'I." ‘1."'3

-

& |
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